Let f : A → B be a ring homomorphism and let J be an ideal of B. In this paper, we study the amalgamation of A with B along J with respect to f (denoted by A ⋊ ⋉ f J), a construction that provides a general frame for studying the amalgamated duplication of a ring along an ideal, introduced by D'Anna and Fontana in 2007, and other classical constructions (such as the A + XB[X], the A + XB [[X]] and the D + M constructions). In particular, we completely describe the prime spectrum of the amalgamation A ⋊ ⋉ f J and, when it is a local Noetherian ring, we study its embedding dimension and when it turns to be a Cohen-Macaulay ring or a Gorenstein ring.
Introduction
retraction if and only if there exists an ideal J of B and a ring homomorphism f : A → B such that D ∼ = A ⋊ ⋉ Let f : A → B be a ring homomorphism, and set X := Spec(A), Y := Spec(B). Recall that f * : Y → X denotes the continuous map (with respect to the Zariski topologies) naturally associated to f (i.e., f * (Q) := f −1 (Q) for all Q ∈ Y ). Let S be a subset of A. Then, as usual, V X (S), or simply V (S), if no confusion can arise, denotes the closed subspace of X, consisting of all prime ideals of A containing S.
In the next lemma we recall the notation and some basic properties of pullback constructions that we will use in the present paper. We refer to the paper by Fontana [17] , since the subsequent work on pullbacks by Facchini [16] and, in the Noetherian setting, by Ogoma [23] is not relevant to our study. 
As a consequence of the previous results we can now easily describe the structure of the prime spectrum of the ring A ⋊ ⋉ 
For all P ∈ X and Q ∈ Y , set:
Then, the following statements hold.
(1) The map P → P ′ f establishes a closed embedding of X into W , so its image, which coincides with V (J 0 ), is homeomorphic to X.
, via the continuous map associated to the natural ring homomorphism γ :
The following example provides a geometrical illustration of some of the material presented above. 
1). Thus Spec(
J is the coordinate ring of the union of a plane (i.e., Spec(K[X, Y ])) and a line (i.e., Spec(K[X])) with one common point (i.e., Spec(K)). Note that, in this case, the ring A ⋊ ⋉ f J can be also presented by a quotient of a polynomial ring. Indeed, since f is surjective and B/J ∼ = K, by a standard argument we easily obtain that
If we specialize Corollary 2.4 to the case of the construction A ⋊ ⋉ f J, then we obtain the following: 2.7 Corollary. We preserve the notation of Corollary 2.5.
J is a local ring if and only if
A is a local ring and J ⊆ Jac(B).
In particular, if M is the unique maximal ideal of
The following result, whose proof is straightforward, provides a description of the minimal prime ideals of A ⋊ ⋉ f J.
Corollary. With the notation of Corollary 2.5, set
The following properties hold.
After describing the topological and ordering properties of the prime spectrum of the ring A ⋊ ⋉ f J, we now describe the localizations of A ⋊ ⋉ f J at each of its prime ideals.
2.9 Proposition. With the notation of Proposition 2.1 and Corollary 2.5, the following statements hold.
is canonically isomorphic to A P . 
and so I 0 ⊆ L. The proof of (2) 
Proof. Suppose that P is a prime ideal of A such that
. It follows immediately that I ⊆ P and thus P = M , by assumption. Suppose now that
. From Proposition 3.1 (2) and the definition of Q f , we deduce that (f (I)B)J ⊆ Q and, in particular,
which is a contradiction. This means that the unique prime ideal of
3.3 Remark. Notice that, in case J is finitely generated as A-module and it is contained in the Jacobson radical of B, for every prime Q of B not containing J, we have f −1 (Q) = M . In fact, if we had f −1 (Q) = M , we would have f (M ) ⊆ Q, that implies J/QJ is finite dimensional as A/M -vector space; now, J ⊂ Q and Q is a prime ideal, so if j ∈ J \ Q then j n ∈ J \ Q, for every integer n ≥ 1 and, since J ⊆ Jac(B), it is not difficult to check that the images of the elements j, , j 2 , . . . , j n in J/QJ are linearly independent over A/M for any n, that is a contradiction.
In particular, if J is finitely generated as A-module and it is contained in the Jacobson radical of B, the extension in
4 The embedding dimension of A ⋊ ⋉ f J Let A be a ring and I be an ideal of A. If I is finitely generated, we denote, as usual, by ν(I) the minimum number of generators of the ideal I. Assume that A is a local ring and that M is its maximal ideal. Set k := A/M . If we suppose that M is finitely generated, we call the embedding dimension of A the natural number embdim(A) :
We give next some bounds for the embedding dimension of A ⋊ ⋉ f J, when this ring is local with finitely generated maximal ideal.
Proposition. We preserve the notation of Proposition 2.1. Assume that
A is a local ring with maximal ideal M and that the ideal J is contained in the Jacobson radical Jac(B). The following statements hold.
(1) If A ⋊ ⋉ f J has finitely generated maximal ideal, then A has also finitely generated maximal ideal and
(2) If A has finitely generated maximal ideal and J is finitely generated, then A ⋊ ⋉ f J has finitely generated maximal ideal and
Proof. By using Corollary 2.7(3), it follows that 
In the next example we will provide a ring homomorphism f : A → B and an ideal J = (0) of B such that embdim(A) = embdim(A ⋊ ⋉ f J) < embdim(A) + ν(J). 
Notice that k, the residue field of A, coincide with the residue field of A ⋊ ⋉ f J (see Proposition 2.1(2)). Then, to get the equality
In other words, we have
and, in particular, r λ=1 a λ m λ ∈ M 2 . Since r = ν(M ), it is easy to see that a λ ∈ M , for every λ = 1, 2, . . ., r. Thus, by (⋆), we have
This means that 0, s µ=1 f (α µ )j µ is a finite sum of elements of the form (m, f (m) + j)(n, f (n) + ℓ), where m, n ∈ M and j, ℓ ∈ J. Then, an easy computation shows that This shows that (1 − l 1 )j 1 ∈ (j 2 , . . ., j s )B, and hence, keeping in mind that l 1 ∈ Jac(B), we have j 1 ∈ (j 2 , . . ., j s )B, a contradiction. Thus α µ ∈ M for µ = 1, 2, . . ., s. The proof is now complete.
As an application we obtain the following.
4.5 Corollary. Let A be a local ring with finitely generated maximal ideal, and let I be a finitely generated proper ideal of A. Then, the duplicated amalgamation A ⋊ ⋉ I of A along I is a local ring with finitely generated maximal ideal, and furthermore embdim(A ⋊ ⋉ I) = embdim(A) + ν(I). 
